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What are coeffects?

Computations make changes to the context (effects)
and make demands from the context (coeffects).

* Per-variable coeffect dependency properties:
» Live-variable analysis (live/dead)

» Information flow, e.g., security levels (High/Low)
» Bounded Linear Logic (how much variable reuse! resource analysis)
» Deconstructors (strictness analysis)

» Probabilities and schedules

* Whole-context coeffect dependencies (not in this paper)
» Additional hardware resources

» Library versions

» Type class instances
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Coeffect analysis and meta languages

* Type-and-coeffect system

= whole-context analysis [Petricek et al.'| 3]
'|rke:T
= per-variable analysis [Petricek et al.'14, Ghica & Smith '14]
x:A-r,...,y:B-ske:T
* Coeffect meta-language [Brunel et al." 4]

= indexed type constructor, generalises linear exponential

I'N'z:!,AF e:l ;A

* Semiring structure on coeffect information
* Semantics via graded comonads
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This paper: effect and coeffect interactions

= Consider two examples:

» Security levels masking non-determinism

» Exceptions change linear reuse bounds

= Core calculus

» linear-lambda calculus with effect and coeffect types

I'Ht:T.A

L', x :

CAFET B

» parametric in effect, coeffect algebra

= Graded semantics: graded monads, graded comonads,
graded distributive laws (new here)
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(Graded semantics
Core calculus

Interaction example



(Graded semantics



comp

A—-TB

B —=TC

A—=TC

A—-TA

monads
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A—T.B Graded slogan:

oomp AT match the structure of
computation with structure
with monoid (FE, e, 1) in the indices
A — B B —C
comp [o
’T‘*SA — C 1A — A
with monoid (R, *, 1) sraded comonad [coeffect papers]
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(Graded semantics



Core calculus



Core calculus

i. Graded monadic meta language for effects
ii. Graded comonadic meta language for coeffects
iii. Linear lambda calculus (substructural via coeffects)

iv. Graded distributed law for interaction
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1. Graded monadic meta language for effects

Pre-ordered monoid of effect information FE = (&,e,1, <)

't T.A Ax:Abty: 1B , I'H¢t: A
letT unit

F—I—Al—let <CL’>:t1 intQ:Te.fB F|_<t>T1A

e.g., exceptions, with simple analysis & ={T, L}

| = definite exception . — A AL = |
T = may succeed IAT=1
Al =1
TAT T
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2. Graded comonad meta language for coeffects

Pre-ordered semiring of coeffect information C' = (C,*,1,+,0, <)

I'c:AFt: B

der

I'N'cx:U4AFt: B

F|_t12

A

. I'-t: B
r« - [t] : O0,.B
Az:L.AFty: B

let

e.g. Bounded Linear Logic (Girard et al.)

£z .

F—I—Al—let [Q?]:tl intQ:B

int

:hy:

int:2

-+ y+y:int

C — (N7 *717—|_7O7 S)

pr

£z .

int

:27y:

int:4

-z +y+yl:

2int
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3. Linear lambda calculus

I'ex:AFt: B I't:A—>B AFt:A
ax abs app
Fr+AFtt : B

r:AFx: A I'-Xxt: A— B

Coeffect + for contraction (letd), (let'T), (app)

(x: A,T) + (x: A, A) is ill-formed
(x : 0.ATD) + (v : LA A) = x:00:A4 T+ A)

m

Coeffect 0 for weakening (sub)

I'-t:A I"<:I' A<:B
F,, ()A'_tB

sub
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Core calculus



Interaction example



BLL / exception composition

I'

der™

(definite exception)

—tl :TJ_A

1 I

_tl :TJ_A

pr

TF - [tl] . TTJ_A

) A z:U,AFty: B
i A,ZEI TA|_<t2>ZTlB
A,ZE/ZTJ_ T.A|_ :TJ_B

Goal: an exception “cancels out” resource requirements
i.e. (above) r=1
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BLL / exception composition

(definite exception)

Jor I'=t:7T, A i Azxz:U.AFty: B
uni
o 't T, A Ayx: A (ts) : T1 B
T.A|_ :TJ_B

'] 0T A Az T,

Goal: an exception “‘cancels out” resource requirements

Q sequence :: Monad m => [m a] — m [al]

Notion of a distributive law of comonad over monad provides:

dist : LT A—=T[LIA

Indexed distributive law? No effect and coeffect interaction

diStne’A: TTQA%TQ TA ><
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Indexed vs. graded distributive law

Indexed: dist, .4 : 0, T. A—=T.0, A

Graded slogan:
algebraic structure on indices matching shape of computation

distributive law on monoids: “matched pair” (Zappa-Szep product)

L:Rx E— R (Kot) : RXE— EXR
RERXE S B ey = e f)=ilulr 0, )
v(l,e) =1 v(rxs,e)=u(r,k(s,e)) *(s,e)
k(l,e) =e k(r*s,e)= k(r,k(s,e))
k(r,1) =1 k(r,ee f)=kr(r,e) e k(i(r,e), f)

Graded: diStrjejA Uy (re) T, A — TK(T’G) - A

Primitive in our core calculus
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BLL / exception composition

A z:U,AFty: B
A,ZEI r,aA - <t2> ZTlB

der* I' - tl . TJ_A
cr
TFt:T A —
pr
11 — [tl] : 1TJ_A A7

ZC/ZTJ_ T.A|_ :TJ_B

Goal: an exception “cancels out” resource requirements

* Matched pair

k(r,e) =e

diStf,ayeyA .

L(r,e) T. A — Tﬁ:(fr,e) r A
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BLL / exception composition

A z:U,AFty: B
A,ZEI r,aA - <t2> ZTlB

der* I' - tl . TJ_A
cr
TFt:T A —
pr
11 — [tl] : 1TJ_A A7

* Matched pair

k(r,e) =e
v(r, L) =1

diStf,aye,A .

ZC/ZTJ_ T.A|_ :TJ_B

L(r,e) I.A—-T..A

Goal: an exception “cancels out” resource requirements
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BLL / exception composition

Jort I't:7T. A i Azxz:U.AFty: B
111
o I'Et T A h Ayx:O.AF (ty) : T B
DE ) OT A AT OAF ... : T B

T Fdist [t,]: 7.0, A

A+hiI'Flet 2’ =dist [t1]in...: T A

* Matched pair

k(r,e) =e
v(r, L) =1
vr, T)=r

diSth_yAZ 1TJ_A%TJ_ TA
diStnT,A LT A— 1 L1, A

Goal: an exception “cancels out” resource requirements ¢
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4. Graded distributive law design space

TA—=T

“T ’» vs ¢¢

A

T”
T

A—

“forward” (L)) vs “backward” (R)

T A

T.U. A— ...Tﬁ:(e,r)A T 0.A— L(r,e) T A
T/{(G,’I“) LA—=U T, A 1. L(T,@)A% P I A
¢ T over [J (T0J) [ over T (LJT)
7. Gz, 7. e,
LL | T¢ L1, — DL(T,@) TK)(?",G) L, 1e — Tﬁ:(r,e) DL(T,@)
RR Tm(r,e) Da(r,e) — U, 1e Da(r,e) T/ﬂ',(?”,e) — 1 L],
LR | T¢ Da(r,e) — L Tﬁ:('r',e) Da(r,e) 1. — TKJ(T,G) L,
RL Tm(r,e) L], — DL(T,G) 1. L Tm(r,e) — 1 DL(T,B)

- dist” : F?,A — G? A



Categorical semantics

* Graded strong monad (Katsumata 2014)

» Graded monoidal comonad (Petricek et al. 201 3, Brunel et al.
2014, Petricek et al. 2014, Ghica&Smith et al. 2014)

» Family of matched-pair graded distributive law (new)

« Soundness theorem
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Concluding remarks

- Foundation for considering effect-coeffect interaction

* Further possibilities?

- Exceptions interacting with security levels (e.g., content of a high
security exception not observable to lower security observer)

- Non-determinism with probabilistic variables

- Graded distributive laws useful in other contexts

sequence :: [m a] — m [a]

sequence :: [m. al,, — m.[al,

Thank you.
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Extras



Graded distributive law

D,ALT.B  D,BLTC

T Os,e *
DT*L(S,@)A L Db(s,e)TeB , ,A> n(s,e)DsB gﬁ Tm(s,e)ofc
backward propagation of coeffects forward propagation of effects

distributive law on monoids: “matched pair” (Zappa-Szep product)
(monoid on IV X R)

L,:RxE—R (hst) : RXE— E X R

kX b — B v(r, 1) =r vr,ee f)=1(L(r,e), f)
v(l,e) =1 L(rxs,e)=1(r,k(s,e)) *t(s,e)
k(l,e) =e k(rxs,e)=k(r,k(s,e))
k(r,1) =1 k(r,ee f)=k(r,e) e k(i(r,e), f)



